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sional parameter indicating the degree of usefulness of a fundamen-
tal quantity in the design and analysis of many engineering disci-
plines, namely, the power. This Note demonstrates that a focus on
the system control power efficiency does not curtail the designer's
ability in monitoring other important quantities of the overall design;
on the contrary, it brings in an added, but necessary, dimension to
the SCS that is a time-tested proven concept in engineering design.
The improvement of efficiency, in the least, simply makes better use
of available control power since it results in reduced power inter-
action with the unmodeled dynamics. Furthermore, this reduction
is not merely qualitative but it is quantified via efficiency. More
importantly, all efficiency computations only involve the reduced-
order control design model while extracting information about the
behavior of the truth-model of the system.
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Introduction

E FFICIENT techniques for computing the continuous-time re-
sponse of linear time-invariant (LTI) systems using polynomial

interpolation between input samples are presented in this Note. Usu-
ally the response of an LTI system is computed by discretizing the
continuous-time equations with a zero-order hold approximation
and performing discrete-time simulation with uniformly spaced in-
put samples. This approach gives fairly accurate results when the
time step T is small; in particular, for T < 7r/|Amax|, where Amax
is the eigenvalue of A with largest absolute value.1 Linear inter-
polation between control samples can be achieved by appending
integrators at each input channel of the given system, discretizing
this combined system with zero-order hold, and applying the deriva-
tive of the input to this system,2 though this approach increases the
order of the system. This Note develops techniques to evaluate the
response of an LTI system in state-space form by interpolating be-
tween the input samples with polynomials of arbitrary order. Fur-
ther, efficient algorithms are presented for computation of certain
matrix integrals required for implementation of these techniques. A
numerical example is presented to demonstrate the benefits of these
techniques.
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Response with Polynomial Interpolation
Consider a linear time-invariant system x = Ax + Bu, y =

Cjc-f Dw, where A, B, C, D is a realization of the system. Assume
that the input is specified at uniformly spaced time steps 7, that is,
u[kT] for k = 0, 1, 2, . . . is specified. From the state of the system,
x[kT], at the instant kT, the state at the next instant, x[(k +
is obtained from

x[(k + = eATx[kT] eA(T-T)Bu(T+kT)dr (1)

and the output becomes y[kT] = Cx[kT] + Du[kT}. The expres-
sions for evaluating the state response with polynomial approxima-
tions for u(t) in the intersample interval, kT < t < (k + 1)7, are
developed in this section.

With zero-order polynomial approximation, the input is constant
between two samples, that is, u(t) = a0[kT]forkT < t < (k+l)T.
The constant coefficients aQ[kT] for k = 0, 1 , 2, ... are determined
by the interpolation scheme used, usually a^\kT} = u [k T ] . Defining

-L Mr

the state at instant (k + 1)7 for zero-order hold becomes

X((k + 1)7] = eATx[kT] + HQ(T)BaQ[kT] (2)

These equations correspond to the well-known zero-order hold dis-
cretization of continuous-time system equations.

First-order polynomial approximation of the intersample behav-
ior of the input is expressed as u(t) = aQ[kT] + a\[kT](t - kT)
for kT < t < (k + 1)7. For linear interpolation between u[kT]
and u[(k + 1)7], aQ[kT] = u[kT] and a^kT] = {u[(k + 1)7] -
u [ k T ] } / T . Defining

Hi(t) -i: Mr

the evolution of the state vector is expressed as

X[(k + 1)7] = eATx[kT] + H0(T)Ba0[kT] + H (3)

Approximation of the intersample behavior of the input by nth-
order polynomials (n > 2) can be expressed as

u(t) = kT < t < (k + 1)7 (4)

The coefficients at[kT], i = 0, 1, . . . , n, are selected to prescribe
the desired intersample behavior between input samples. Using
Eq. (1), the state x[(k + 1)7] becomes

X[(k + 1)7] = eATx(kT) (5)

where

Ht(t) -f*JQ
,A(t-r) dr

With these formulas, polynomials of arbitrary order can be used
to interpolate between the input samples for computation of the
continuous-time response of linear time-invariant systems.

Evaluating the Matrix Integrals
Efficient evaluation of the matrix integrals Ht (t) is the critical

issue in implementation of this approach for computing the response
of a linear time-invariant system. This section presents an efficient
algorithm for robust computation of these matrix integrals, based
on Fade approximations for matrix exponentials. For simplicity, the
following discussion is limited to computation of Ht(t) for i =
0,1,2.
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A key result in the development is that with a matrix

"A / 0 0~
0

S =
0 0 7
0 0 0 7
0 0 0 0

(6)

the matrix integrals 77/(0, / = 0, 1, 2 can be obtained from the
matrix exponential

#o(0
7

0
0

It
I
0

It
I

(7)

This result can be derived using the approach in Ref. 3. Equating
appropriate submatrices in the equations

-1 St = St Sti = r
dt 6 ~ e ' t=° ~

leads to the equations

(8)

for i = 0, 1,2. Solving these equations shows that 77/(0,* =
0, 1,2, are of the desired form.

Next, efficient computation of the matrix exponential est using
Fade approximations4 is presented and the sparse structure of S is
exploited to compute 7//(0, / = 0, 1, 2. Fade approximations for
the matrix exponential est are given by D~1N, where

with

Pk =
(2q-k)\q\

N =

D =

(2q)\k\(q-k)\

It follows that (for q > 2), N and D are given by

'Ne NQ N{ N2

0 7 \lt
0 0 7

. 0 0 0
De DO D!
0 7 -\l
0 0 7
0 0 0

\It
I
D2

(9)

where p2 = (q - l)/4(2q - 1) and
q

Ne =
k=0

q
- V~~ Z^ j

fc=I+l

(10)

PkAk-(i+l\-t)k, i = 0, 1, 2

Using Eq. (7) with this Fade approximation for est, the matrix inte-
grals, 77/(0, / = 0, 1, 2, are approximated by

(11)

H2(t) = 2D~l(N2 -D2-

It was shown in Ref. 5 that the computation of the matrix exponen-
tial est by the Fade approximation method has good numerical accu-
racy when \\St\\oo < \. If this condition is not satisfied, the matrix St
is scaled by a factor 2j for some integer j such that \\St/2j H^ < \.
Using the algorithm described above with this scaled matrix, eM^}

and H t ( t / 2 j ) , i = 0, 1, 2, can be computed accurately. Then, eAt is
computed by repeated squaring, and 77/(0, i =0,1,2, are obtained
by recursively using the following "doubling formulas"6:

H0(2t) = eAt H0(t) + HQ(t)

i (20 = eAtHi(t) + tHQ(t) + 77! (0

= eAtH2(t) + t2H0(t) + 2tHi(t) + 772(0

(12)

These formulas result from manipulations of the integrals involved.
The discussion above is for computing 7//(0, for / = 0, 1, 2,

which are required for simulations with second-order polynomial
approximation of the intersample behavior of the input. For the
approximation with polynomials of an arbitrary order, a straight-
forward extension of this technique may be used to compute the
required matrix integrals.

Numerical Example
Numerical simulations of the phase II control-structure inter-

action (CSI) evolutionary model (CEM) structure,7 a testbed at
NASA Langley for experiments in control of flexible structures,
were performed with polynomial interpolation between the input
samples. The simulation model had two force inputs (in pound-
force) and two angular deflection outputs (in arc-seconds), with 50
states corresponding to flexible modes of the structure with natu-
ral frequencies up to 13.2 Hz. The input for these simulations is
a 20-Hz bandwidth disturbance, obtained by the superposition of
random sinusoids. The "true" system response is computed using
Runge-Kutta integration of the continuous-time state equations and
cubic-spline interpolations (which required 90.481 Mflops). Sim-
ulations were performed with four time step sizes, namely, 0.020,
0.015,0.010, and 0.005 s, using zero-, first-, and second-order poly-
nomial interpolation between the input samples. Computational er-
ror is determined as the difference between the true solution and
the simulation results. Figure 1 illustrates the significant reduction
in computational error in the first output for first-order simulation
(solid line) as opposed to zero-order simulations (dashed line) for
a time step of 0.020 s. For a comparison of the accuracy of various
simulations, the computational error is quantified as \/^kT(e%ek),
where ek is the error at time step k. The flop count (in megaflops)
provides a measure of the computational effort involved in these
simulations. Table 1 summarizes the simulation results. Reduction
in computational error is observed with increasing order of poly-
nomial interpolation between input samples for all time steps, as

-150 o i 2 3 4 5 6 7

Time (seconds)

Fig. 1 Comparison of computation errors for simulation with zero-
order (dashed) and first-order (solid) interpolations between input sam-
ples at 0.020 s time step.
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Table 1 Comparison of accuracy and computational effort for
simulation with different time steps and orders of

polynomials interpolation

Zero-order
Time step simulation
r, s
0.020
0.015
0.010
0.005

Error

116.445
88.972
60.151
30.352

Mflops

2.735
3.641
5.465

10.925

First-order
simulation

Error

25.643
15.721
8.140
3.027

Mflops

2.872
3.820
5.729

11.443

Second-order
simulation

Error

15.669
8.743
4.823
2.337

Mflops

3.013
4.005
6.001

11.977

expected. Note that first-order simulations result in better accu-
racy than zero-order simulations at smaller time steps. Although
the reduction in computational error from zero-order simulations to
first-order simulations is significant, the improvement in accuracy
from first-order simulations to second-order simulations is smaller.
Moreover, a comparison of the flop counts shows that there is a small
computational overhead in using higher order simulations. However,
the computational effort for a higher order simulation is less than
that for simulation with the same order of polynomial interpolation
with a smaller time step.

This study shows that significant increase in solution accuracy can
be achieved by using first- or second-order interpolations between
the input samples as opposed to zero-order hold discretizations. In
general, the benefits achieved by polynomial interpolation depend
on the time step size, the dynamic model being simulated, and the
frequency content of the input. Further, the advantages seem to taper
off for higher order polynomial interpolations; therefore, it is advis-
able to use smaller time steps rather than higher order polynomial
interpolations beyond second-order interpolation for better solution
accuracy.

Conclusions
This Note presents a computationally efficient approach for sim-

ulation of linear time-invariant systems, with polynomial interpola-
tion between input samples. Explicit expressions have been devel-
oped for such simulations, and efficient techniques for computation
of the matrix integrals required in these expressions are presented.
Numerical simulations were presented for comparing accuracy and
computational effort involved with various time step sizes and for
different orders of polynomial interpolation. It is concluded that
polynomial interpolation between input samples leads to significant
improvement in solution accuracy over the usual zero-order hold
discretization for LTI simulations.
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Introduction

M ODERN tactical aircraft are being designed with many more
than the classical three sets of control effectors (ailerons,

elevator, and rudder). The next generation of highly maneuverable
airplanes are projected to have as many as 20 primary flight control
effectors. These controls will all be constrained to certain limits,
determined by the physical geometry of the control actuators or in
some cases by aerodynamic considerations. The effective allocation,
or blending, of these controls to achieve specific objectives is the
control allocation problem.

The geometry of the constrained control allocation problem was
developed in Ref. 1. In Ref. 2 we described a means of determin-
ing the subset of attainable moments, yielding a description of the
boundary that contained the necessary information for the determi-
nation of controls in the allocation problem. The method presented
in Ref. 2, although offering the advantage of generality, was ad-
mittedly complicated and difficult to implement. For the control
allocation problems of particular interest, such generality is not re-
quired, and a simpler method of determining the attainable moment
subset is available. That method is the subject of this Note.

The problem statement and nomenclature used in this note may
be found in Refs. 1 and 2.

Method
Subset of Constrained Controls

First, consider the subset of constrained controls, O. Its m-
dimensional bounding surface, 3(17), is made up of rectangular
two-dimensional surfaces, each of which corresponds to a given
pair of controls varying within their constraints, whereas all other
controls are at one or the other of their constraining values. Since
there are m — 2 other such controls, and each of these other con-
trols may assume one of two values, there are thus 2m~2 surfaces,
or facets, corresponding to a given pair of controls. These 2m~2

surfaces are all parallel in the m-dimensional control space.
For example, if there are three controls (m = 3), say simple

aileron, rudder, and horizontal tail, the constrained control subset is
a simple box in three-dimensional space. There are two (2m~2 = 2)
facets of the box for each combination of the three controls taken
two at a time.

If we use the horizontal tail differentially, then with the left and
right horizontal tails considered as separate controls, there are four
controls (m = 4). In this case the subset of constrained controls
is a four-dimensional hypercube that is bounded by eight three-
dimensional cubes made up of 24 facets. With some imagination,
one may sketch two three-dimensional boxes next to each other and
connect all the corresponding vertices. This is the two-dimensional
projection of the four-dimensional hypercube, in which one may
visualize parallel facets occurring in groups of four.

This example could be continued by adding more controls, but
our ability to visualize these higher dimensional spaces becomes
strained. Suffice to say that, in considering the facets generated by
considering the controls in pairs, there are 2/n~2 such facets, all of
which are parallel. Collectively, all of the facets in 17 comprise 3 ($1).
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